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Abstract 

In this paper, we give the definition of the generahzed Ramond N = 2 superconformal 
^ \ algebras and discuss the derivation algebra and the automorphism group. 

o 

^ ; 1. Introduction 

Superconformal algebras have been constructed for almost three decades ( [I] |9]). 
QO . Since then the study of superconformal algebras has made much progress in both 
mathematics and physics. Kac and van de Leuer ([10]), Cheng and Kac ([3]) have 
classified all possible superconformal algebras and then Kac has proved that their 
^ ' classification is complete. 

■ Structure theory and representation theory are also the most important two 

theories on Lie superalgebras. For N = 2 superconformal algebras, remarkable 
efforts have been taken by several research groups ([2|, HI 13 El HH HI]). In [7], 
the modules of intermediate series over Ramond N = 2 superconformal algebra 
has been classified. For the Ramond N = 2 superconformal algebra, its even part 
is the so called twisted Heisenberg-Virasoro algebra (tl3j). The derivation alge- 
bras of infinite-dimensional Heisenberg algebra, Virasoro algebra and the twisted 
Heisenberg-Virasoro algebra are given by Jiang([8]), Zhu, Meng([T8]) and Shen, 
Jiang ([I3]) respectively. Su, Song and Zhou have given the structures of deriva- 
tion algebra of Weyl and Block type algebras in [TU [151 [HI [H]- Most of those 
algebras are finitely generated. In this paper, we will give the derivation algebra 
and the automorphism group of the generalized Ramond N = 2 superconformal 
algebra. In general, this algebra is infinitely generated. 
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Let F be a field of characteristic zero, F be an additive subgroup of F, be the 
identity element of F. The generahzed Ramond N — 2 algebra is defined as below: 

where 

= spanc{-La, Hp,c\a,P E F}, Cj = spanc{G~, Gj | a, /3 e F}, 
with the following relations: 

[La,Li3] = {a- P)La+/3 + ^{a^ - a)Sa+i3,o, 

[Ha: Hp] — ^cSa+13,0: 
[La, Hp] = —PHa+p, 



[La,Gp] - - P)G^+p: 

[Ha, Gp] = ±G^_^_p, 

[G-,G+] = 2La+p-{a-f3)Ha+p + l{a^-\)5a+p,o, 



(1.1) 



where 5m n is the Kronecker notation which satisfies that Smn 



1, m = n 
0, m ^ n ' 

Throughout this paper, C denotes the generalized Ramond N — 2 supercon- 
formal algebra. It is easy to see that £ is a F-graded algebra: 

— © ^a, 

where £a ^ {x e C \ [Lq, x] = -ax} =spanF{La, Ha, G^, Sa,oc}. 

In the following section, we will discuss the derivation algebra of C. Our main 
result in this section is theorem 2.3. Then the automorphism group will be given 
in the last section, and we will obtain the main theorem 3.4. 



2. The derivation algebra of C 

In this section, wc denote the derivation algebra of £ by DerjC, the set of inner 
derivations by adC Since £ is a Z2-graded algebra, then 

DerL = (Der>C)o © {Der/:)j, 

where 

(L>er£)o = {D e DerC \ D{Cj) C i e Z2}, 
denotes the set of even derivations of C, and 

(L>er£)x ^ {D e DerC \ D{C-) C i e Z2}, 



denotes the set of odd derivations of L. Note that L is F-graded, we have that 
DerC is also F-graded: define 

(DerC)^ = {D e DerC \ D{Cp) C Cp+^,(3e F}. 

Then we have that DerC = © {DerC)^ (see [IS [ISl [H [I?]). Obviously, the 

F-graded and Z2-graded structures are compatible, i.e., DerC-Q = © (DerC)' 

DerCj = © (DerC)'' where (DerC)' © (DerC)'' = (DerC)^, the Zg-graded 

7er 

structure of (DerC)^ is similar. In the following, we will only discuss the homoge- 
nous derivation D. 

Lemma 2.1. The odd derivations of C are all inner derivations, i.e., {DerC)j = 
adCj. 

Proof. Obviously, we only need to prove that {DerC)i C adCj. If D E 
{DerC)jn {DerC)-y, 7 G F, suppose that 

D{La) '^7,oG^a+'y ~l~ ^7,o^a+7) 

D{^Hq^ C-y (j(jr^_l_^ -|- d,y lyG ^ 

Since D is a derivation, by the following equations: 

D[H^,Hp] = [D{H^),Hp\ + [H^,D{Hp)l 

D[L^,Hp\ = [D{L^),Hp\ + [L^,D{Hp)l (2.1) 

D[H^,G^] = [D{H^),G^] + [H^,D{G^)], 
for all a,/? G F, we can obtain some relations between these coefficients: 



^7,0 


C7,/J) 








C?7,/3, 








2d 






f"l,a+l3 = 


ae^^/^ — 


(a + 7 - (3)d^^a, 




rria+p = 




4) '^7, a -|- -^f-y^f3, 0. 


+ /3 + 7 = 0, 


9^,0+13 = 


—2r 










- (a + 7 - /3)c7,a, 




' = 


-W- 


4J'^7,a 3'''7,/3; 


a + /5 + 7 = 0, 




'-^7,a ( 


f - /5 - 7)c7,/3, 




f^d^,a+/3 = 


^7,Q 


-(f-/?-7)rf7,/5- 





It is not difficult to see are contents. Set c^^a = ^o, dy^a = ^i, for 

all a G r, where ^ then we can obtain the following results: 



'^7,0 


= (1-7)^0, 


^7, a 


-(1-7)^1, 




= 2^1, 


/7,a 


(a -7)6, 


9"/,a 


= -2^0, 


h — 


(tt - 7)^0, 










By these equations, we 


can easily check that D = 





□ 

Lemma 2.2. If D G (Der/:)o n {DerC)y, and 7^0, then D G adC. 

Proof. -D(c) = 0, since 7 7^ 0. Without confusion, we use the same symbols: 
suppose that 

D(yHa) C'-j^aLa+y ~\~ C^7,a-ffa+7 ~l~ ^a'^Q+7,0C, 

■^i^a) ~ ^7:"^a+7 "I" /7:"^o+7' 

Also by dsn) and 

Gj] = G±] + [L„, (2.2) 



Z}[G-, G+] = [D(G-), G+] + (2.3) 



we have that 



_ .a + 7 , 

f-y^a+P = 9'y,a+f3 = — 9^,(3 

a + 7 



-j3cy^a+f3 = [a- (3 - 'y)cy,0 
01 tt + 7 

(2 ~ /^)e7,«+/3 = /?)a7," + ^7," + ( 2 " ^ ~ 7)67,/?, 

(| - /5)^7,«+/3 = (^^y^-/5)a7,"-^7," + (|-/^-7)^7,/3' 

Q; + 7 (X^ — a. 
-(3n^+p = -^—hy,a H z^Cy^p, a + /3 + 7 = 0, 

2a^,a+/3 — (« — /?)c^,a+/3 = 2/l^^a + 2e^,/3, 

26^,0+^ - (a - /?)c?-^,c,+^ = -(a + 7-/5)/i-^,„- (a-/5-7)e.^,/3, 

1 1 

6ma+/3 - 3(a - /3)na+/3 = (/3^ - -)/i7,q + (a^ - -)e^,/3, « + = -7- 



From these equations, we can obtain that for all a G F 

^7,0 fj,ci 9'y,a 0) by a ^775 3'^''^' 

where rj^ e¥, and 

67,0 = 7"^(7 - 2a)/i^,o + 27^^(7 - a)?77, h^^a = 7"^(7 - 2a)/i7,o - 27"^a?77, 
rria = |7^^(a - a3)(/i^,o + 7"^^7)- 

It is not difficult to see that, if D E (Der£)g fl {DerC).y, and 7 7^ 0, 

D = ad{kiLy + k2Hy), 

where fci = 2'y^^{ho + l^^r]^)-, ^2 = l~^Vy^ ^0, ?77 G F. □ 
If D G {DerC)^ fl {DerC)^, the case is a little difference, and we should note 
that -D(c) = iqC, io G F. By fl2.1l) - (l2.3p . used the similar method, we can obtain 
that for all a, /5 G F. 

^7, a ^7, a C-y^a fj,a 9j,Q ^0 ^0 0, 

and 

^7,0 2^05 ^7,ck ^7,ck ^0? 

Denote by Homz(F, F) the set of additive group homomorphisms from F to F. For 
ip GHomz(F,F), we define a derivation also denoted ip by (p{xa) = (p{a)xa, for all 
G £. We have the following theorem: 

Theorem 2.3. DerC is spanned by adC and Homz(F, F). In details, DerC = 

© {DerC)a = {DerC) Q® {DerC) J, where 
aer 

{adCj, = 1; 

adCa, i = 0, a 7^ 0, 

a(i£[, + Homz(F,F), i = 0,a = 0, 

where £q =spanF{-Lo, -f^o}, and DerC^ fl ac/£o = {a(i(fc-^vo + ^-f^o) | fc, ^ G F}. 

Proof. By the above argument, we know that if D G {DerC)^ fl {DerC)^, 
then 

D{L^) = ip{a)L^, D{H^) = ip{a)H^, D{G+) = {ip{a) + 60)^+, 

D{G^) = {v{a)-eo)G~, D{c) = 0, 

where (p GHomz(F,F), i.e. ip{a + P) = + 'P>{P) for any a,/? G F, and Cq G F. 
Obviously, D G adC if and only if 'p>{a) = ka, A; G F. And at this time, D = 
ad{—kLQ + eoHQ). □ 
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3. The automorphism group of L 



Denote by AutL the automorphism group. By the relations of £, we have that 
G'^,G'^ are locally ad-nilpotent elements for any a,P E T. In this section, we 
denote F* the multiply group which is generated by the non-zero elements of F. 

Lemma 3.1. For any a e AutC, cr{G^) e span]F{G+ | a e r}U spanplG" | 

a e r}. 

Proof. Note that for any a e AutC^ cr(A) = A' ^ ^ ^2, and a{x) is also a 
locally ad-nilpotent element if x is a locally ad-nilpotcnt element, and and 
arc not abclian, then it is not difficult to prove that cr(G^) e span^lGa | a G FjU 
spani-jG^ I a E T}. □ 

Lemma 3.2. For any a e AutC, we have that: 

(1) (7(Lo),(7(ifo) e spanF{-Lo,i?o,c}. 

(2) (7(G'+) e spanF{G+ | a e F} or spanpfG" | a e F} for all 7 e F. 

Proof. (1) It is easy to see that Lq, -f^o, c, Gj, for all a e F, are locally finite 

elements of C And by lemma 3.1, we can prove (1). 

(2) If there exist 71,72 G F, satisfy that c(G^J E spanplGa | a E F}, cr(G+) E 
spanpIG" I a e F}, then we have that 

^([i/^,-^,,^^]) = [(7(//^,_^J,(7(G'+)] E spanF{G'+ | a e F}, 

and 

(7([//^,_^„ G+ ]) = (7(G'+ ) e spanplG; | a e F}, 

it is a contradiction. □ 

Proposition 3.3. For any a E AutL, there exist / eHomz(F, F*), ^, £ E 
{±1}, a e F, 6 e F*, such that 

= /(«)&(%iG,Va) + %-iG';(«-a)), (3-1) 

a(G-) = ^/(a)&-^(VlG,Va)+%lG^;(a-a))' 
(j(c) = £C, 



where Sm,n is also the Kronecker notation. 

Proof. By lemma 3.1 and 3.2, we can assume that 

a{Lo) = aoLo + boHo + cqc, (t{Hq) = doLQ cqEq /qc. 
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and 

aer aer 

a{Hy) = ^ dy,aLa + ^ e-y^aHa + f-yC, 

aer aer 
(t(c) = moc, 

where oq, bo, Cq, c?o, Cq, /o, "mo, CLy 
Claim, oq 7^ 0. 

If = 0, then o"(Lo) = &o-f^o + CqC. Set x G Ca, « 7^ 0, we have that — a(T(x) 
[(t(Lo), cr(x)] = + cqc, cr{x)] = 0, it is impossible. Therefore ao 7^ 0. 

Acting a on [Lq, Ly] = —'~fLy, we have that 

-aoa '^{tty^aLa + by^aHa) = -7 ^(a7,a-^^a + &7,a-f^a + CyC) , 

aer 

i.e., 



aer 






(7 — aQa)a^^a = 


0, 




(7 - aQa)by^a = 


0, 


(3.2) 


Cy = 0. 







7o 

If there exists 70 G F, such that — ^ T, i-e., 70 — aoCt 7^ for all a G F, then 

ao 

'^70,0 = &7o,a = for all a G r, that is to say, (j{L^g) = 0, it is a contradiction since 

cr is an automorphism. Therefore, — G F for all 7 G F, then ao = ±1, where 1 is 

ao 

the unit of F. 
Case 1. ao = 1. 

By (13. 2p . we have that cr(L^) = ayLy + byHy + coSyfiC. And by the same 
argument, we also have that 

CT{Hy) = dyLy + CyHy + fo^y^oC. 

Applying a on [Ha, = ^c6a+i3fl, we can obtain that 

a a'^ — a a 

-moc6a+i3,Q = {a-(3)dadpLa+i3+{adfjea-(3daej3)Ha+p+{ — — dadp+-eaep)c6a+p,o. 



(a — P)dadi3 = 0, 
adpCa — l3daep = 0, 

a™ a^-a J J _i_ a 

^ 1 1 LQ ^2 ti(y_ti — a ~i~ 2 ^a*^ — a* 



7 



If there exists ao eT, such that dao 7^ 0, then we will deduce that c?^ = e^g = for 
all /9 G r \ {ao, 0}, contradiction with cr e AutC, hence = for all a G F, and 
amo = aCaC-a, i-e., 

By lemma 3.2, we can discuss the action of a on Cj in two cases. 

Subcase 1.1. Cr(G+) = Eae7 5'7,"<^a • 

Since a is an automorphism, by lemma 3.2, we have that (xiG^) = J2aer ^7,o^a • 
By a[Lo, G+] = [a(Lo), a{G+)], we get that 

(7 + ^0 - a)g-y,a = 0, 

therefore, bo eT, and 
Similarly, 

Applying a to [Ha, G^], we have that 

for all /5, 7 G F. 

^/3+7 = 6/3/1^, 

Then we can deduce that 

Qa = eago, K = eaho, eo = 1. (3.3) 
Applying cr to [G^ , G^] , we have that 

a^+fs = Qah/s, (3.4) 
2ba+i3 ~ {a - P)ea+p = -{a - P - 2bo)gahi3, (3.5) 

^{{a'^ -bof -^)gah-a = ^(a^ - ^)mo - 2a/o + 2co. (3.6) 

By (I33D and (ES), 

goho = ao = 1, 

and 

then act = Cq, for all a G F. Furthermore, following (13.51) . we obtain that 

ba = boCa = boaa- 
By (13.61) . let P = —a, one can get that 

1 1 2 

mo = 1, fo = -bo, Co = -bo- 
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Therefore, 

= aaC/oC+^bo, <y{G-) = aago^G-_^^, (3.7) 

(7(c) = C, 

where e F* satisfies that aQ,+/3 = OaO/?, &o £ T, g^o £ F*. 
Subcase 1.2. (7(G'+) = I]ae7^7,aG'i- 

Under the same argument, we can obtain that 

'^(Gt,) = aaUoG-_^^, a{G-) = aa«o^G'++&o' (3-8) 

(7(c) = C, 

where G F* satisfies that aa+/3 — aaa^, bo &r,uo & F*. 
Case 2. oq = —1. 

In this case, we have that a{Lo) — —Lq + boHo + cqc. By the similar method, 
we can obtain the two following subcases: 

Subcase 2.1. 

<^{Gt) = a^g^Gt^_,^, a{G-) = -a^go'GZ^+,,, (3.9) 

(7(c) — —C. 

Subcase 2.2. 

(7(G+) = a«i.oG:«+6o> <G-) = (3-10) 

(7(c) = -C, 

where Oq, G F* satisfies that Oa^^ = OaO/?, &o £ T, qq, uq e F*. □ 

By proposition 3.3, we can obtain that 

AutC = {(7(/, e, £, a, 6) I f{a) e Homz(r, F*), £ G {±1}, a e T, 6 e F*}, 

where a{f, ^, £, a, 6) e 74rti£ satisfies the following relations: 

a{f,^,e,a,b){La) = ef{a)Lsa + f{a)aH^a + ^sa^cda,o, 
a{f,^,e,a,b){Hc,) = ^{f{a)Hea + l£ac6a,o), 

aU\^,e,aMGt) = /(«)&(%iG,Va) + %-iG,V„,)), (3.11) 
a{f,^,e,a,b){G-) = ef{a)b-\S,,_^Gt^^^^^ + S,,^G;^^_^^), 
(^(f,^,£,a,b){c) = sc, 
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where /(a) GHomz(r, F*), i.e., /(a + /?) = f{a)f{P) for all G T, and e 
{±1}, a G r, 6 G F*. Obviously, cr(/, 1, 1, a, b), a{f, —1, 1, a, b), a{f, 1, —1, a, b)) and 
cr(/, — 1, — 1, a, 6) are the automorphisms which are defined in (I3.7p - (l3.10p . And 
= c^(/2,6,£^2,a2,&2) if and only if /i = /2, = ^2,£:i = £2, 

ai = a2, bi = 62- 

cr(/i, ^1, ^1, ai, 6i)o-(/2, 6, £^2, 02, &2) 
= or(v5,66,£^i£^2,^i6£^iai +6a2,/i(6£^2a2)&f ^2), 

where ip satisfies that (p{a) = fi{£2C()f2{c() for any a G F. Obviously, AutC is not 
a ablian group. For any / GHomx(r,F), we define by /^^(a) = for 
any a G F. It is easy to see that is also a homomorphism from F to F*. Then 
for any cr(/, ^, e, a, 6) G AutC, we can get that 

^, ^, a, b) = cr{f-', ^, e, -^ea, sgn{^ + e)f{a)b-^), 

where sgn{r]) = | ^ < ' •^^ " •^^ 

Set T =< a{f, 1,1, a, b) >, it is not difficult to prove that r is a normal subgroup 
of AutC. Then we can obtain the following main theorem: 

Theorem 3.4. (1) AutC is isomorphic to Homz(F,F*) x Z'2 x Z'2 x F x F*, 
where Z'2 = {±1}, the group multiplication is given by: 

(/i,^i,£:i,ai,6i) • (/2, 6, £^2, 02,^2) = (V5,66,^i^2,66^i«i +6«2,/i(6^2a2)&f &2), 

where ip satisfies that ip{a) = /i(£^2«)/2(«) for any a G F. 
(2) AutC It is a Klein group. 
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